Rules for integrands of the form (aCsc[e + fx])" (bSec[e + fx])"

1: j(aCsc[ewa])m (bsec[e+fx])"dx whenm+n-2==0 A ngl

Reference: G&R 2.510.3, CRC 334a, A&S 4.3.128b withm+n-2-0
Reference: G&R 2.510.6, CRC 334b, A&S 4.3.128a withm+n-2=0

Rule:lf m+n-2==0 A n +1,then

ab (aCsc[e+-Fx])'"'1 (bSec[e+1’x])"'1
f(n-1)

I(aCsc[erFx])m (bsec[e+fx])"dx —

Program code:

Int[(a_.#csc[e_.+f_.xx_]) m_x(b_.+sec[e_.+f_.xx_])~n_,x_Symbol] :=
axbx (a*Csc [e+f*x] )"(m-l) * (b*Sec [e+f*x] ) 2 (n—1)/(-F* (n—1)) /3
FreeQ[{a,b,e,f,m,n},x] && EqQ[m+n-2,0] && NeQ[n,1]



Rules for integrands of the form (a csc(e+f x))~m (b sec(e+f x))~n

2: |Cscle+fx]"sec[e+fx]"dx when (m|n|®%)ez

Derivation: Integration by substitution

Basis: If (m | n | %) € Z,then

m+n

m

Csc[e+fx]"Sec[e+fx]"= 2 Subst jl+_x:£) X, Tan[e+fx]} OxTan[e + f x]

Rule: If (m | n | %) € Z,then

1 (1+x2) 7
Csc[e+fx]"sec[e+fx]"dx — ;Subst[ ————dx, x, Tan[e+fx]]
X

Program code:

Int[csc[e_.+f_.#x_]"m_.xsec[e_.+Ff_.xx_]"n_.,x_Symbol] :=
1/f+Subst [Int[ (1+x"2)~((m+n)/2-1) /x"m,x],X,Tan[e+f+x]] /;
FreeQ[{e,f},x] && IntegersQ[m,n, (m+n) /2]

3: j(aCsc[e+fx])m5ec[e+fx]"d]x when ";1 €z

Derivation: Integration by substitution
Basis: If % € 7, then

(aCsc[em‘x])mSec[eHCx]”::—flan Subst{

Xm+n—1

( —, X, aCsc[e+fXx]| Oy (aCsc[e+fXx])
—1+%T

a

Rule: If % e 7, then



Rules for integrands of the form (a csc(e+f x))~m (b sec(e+f x))~n

m+n-1
J(aCsc[e+-Fx])'"5ec[e+-Fx]"dlx — —%Subst[J(x—dx, X, aCsc[e+-Fx]]
-1

n+l
fa +ﬁ)z—

Program code:

Int[(a_.*csc[e_.+f_.xx_])~m_xsec[e_.+f_.#x_]"n_.,x_Symbol] :=
-1/ (f*a”n) «Subst [Int [x~ (m+n-1) / (-1+x"2/a"2) ~((n+1) /2),X],X,axCsc [e+f*x]] /;
FreeQ[{a,e,f,m},x] & IntegerQ[(n+1)/2] && Not[IntegerQ[(m+1)/2] && LtQ[@,m,n]]

Int[(a_.»sec[e_.+f_.»x_])~m_scsc[e_.+f_.*x_]"n_.,x_Symbol] :=

1/ (f*a”n) «Subst [Int [x" (mn-1) / (-1+X"2/a*2)~ ((n+1) /2) ,X],X,a*Sec[e+fxx]] /;
FreeQ[{a,e,f,m},x] & IntegerQ[(n+1)/2] && Not[IntegerQ[(m+1)/2] && LtQ[@,m,n]]

4, J(aCsc[e+fx])"‘ (bSec[e+-Fx])"dlx when m> 1

1: J(aCsc[em‘x])m (bSec[e+fx])"d1x whenm>1 A n< -1

Reference: G&R 2.510.1
Reference: G&R 2.510.4
Rule:1f m>1 A n < -1,then

j(aCsc[ewa])"' (bsec[e+fx])"dx —

a (aCsc[e+-Fx])'"'1 (bSec[e+-Fx])n+1 a2 (n+1)
- +

C £x])™? (bs £x])"2a
P b 1) J(a sc[e+ x]) ( ec[e+ x]) X

Program code:

Int[(a_.#csc[e_.+f_.xx_]) m_x(b_.#sec[e_.+f_.xx_])~n_,x_Symbol] :=

-ax (a*Csc [e+'F*x] ) A(m-1) » (b*Sec [e+'F*x] ) A (n+1)/(f*b* (m-1) ) +

a’2x (n+1) / (b2 (m-1) ) *Int [ (axCsc[e+fxx] )" (m-2) « (bxSec[e+fxx] )~ (n+2),x] /;
FreeQ[{a,b,e,f},x] & GtQ[m,1] && LtQ[n,-1] & IntegersQ[2xm,2xn]



Rules for integrands of the form (a csc(e+f x))~m (b sec(e+f x))~n

Int[(a_.xcsc[e_.+f_.xx_])~m_x(b_.+sec[e_.+f_.xx_])~n_,x_Symbol] :=

b* (a*Csc [e+‘F*x] )" (m+1) » (b*Sec [e+'F*X] )" (n—1)/(-F*a* (n-1) ) +

br2x (m+1) / (a"2# (n-1) ) *Int [ (a*Csc[e+fxx] )~ (m+2) » (bxSec[e+Fxx])~(n-2),x] /;
FreeQ[{a,b,e,f},x] & GtQ[n,1] && LtQ[m,-1] && IntegersQ[2xm,2+n]

2: f(aCsc[e+fx])"' (bSec[e+fx])"d1x when m> 1

Reference: G&R 2.510.2, CRC 323b, A&S 4.3.127b
Reference: G&R 2.510.5, CRC 323a, A&S 4.3.127a

Rule: If m > 1, then

f(aCsc[e+fx])"' (bsec[e+fx])"dx —

ab (aCsc[e+-Fx])r"'1 (bSec[e+1‘x])"'1 a2z (m+n-2)
- +

f(m-1) m-1

Program code:

Int[(a_.xcsc[e_.+f_.xx_])~m_x(b_.*sec[e_.+f_.»x_])"n_.,x_Symbol] :=
-axbs (axCsc[e+fxx]) A (m-1) « (bxSec[e+fxx])~ (n-1) /(fx (m-1)) +
ar2x (m+n-2) / (m-1) »Int [ (axCsc[e+fxx])~ (m-2) « (bxSec [e+fxx] ) n,x] /;
FreeQ[{a,b,e,f,n},x]| && GtQ[m,1] & IntegersQ[2sm,2xn] && Not[GtQ[n,m]]

Int[(a_.xcsc[e_.+f_.xx_])"m_.#(b_.xsec[e_.+f_.#x_])~n_,x_Symbol] :=
axbx (a*CSC [e+f*x] ) A(m-1) (b*Sec [e+-F*x] ) n (n—l)/(-F* (n—l)) +
br2x (m+n-2) / (n-1) xInt[ (axCsc[e+Ffxx]) mx (bxSec[e+Fxx])~ (n-2),x] /;
FreeQ[{a,b,e,f,m},x]| && GtQ[n,1] & IntegersQ[2sm,2xn]

J(aCsc[e+fx])m'z (bsec[e+fx])"dx



Rules for integrands of the form (a csc(e+f x))~m (b sec(e+f x))~n

5: J(aCsc[e+fx])"' (bSec[e+-Fx])"d1x whenm<-1 Am+n#0

Reference: G&R 2.510.3, CRC 334a, A&S 4.3.128b
Reference: G&R 2.510.6, CRC 334b, A&S 4.3.128a

Rule:lf m< -1 A m+n + 0, then

b (aCsc[e+-Fx])"'+1 (bsec[e+fx])"

m+1

J(aCsc[en‘x])m (bsec[e+fx])"dx —
af (m+n)

Program code:

Int[(a_.xcsc[e_.+f_.xx_])"m_x(b_.*sec[e_.+f_.»x_])"n_.,x_Symbol] :=
b*(a*Csc[e+f*x])A(m+1)*(b*5ec[e+f*x])A(n—l)/(a*f*(m+n)) +
(m+1) / (@”2% (m+n) ) xInt[ (axCsc[e+fxx] )~ (m+2) » (bxSec[e+fxx])*n,x]| /;
FreeQ[{a,b,e,f,n},x]| && LtQ[m,-1] & NeQ[m+n,0] 8&& IntegersQ[2xm,2+n]

Int[(a_.xcsc[e_.+f_.xx_])"m_.#(b_.xsec[e_.+f_.#x_])~n_,x_Symbol] :=
-ax (axCsc[e+fxx]) A (m-1) « (bxSec[e+fxx]) A (n+1) /(bxfx (men)) +
(n+1) / (b”2% (m+n) ) xInt[ (axCsc[e+fxx]) "mx (bxSec[e+Ffxx])~ (n+2),x] /;
FreeQ[{a,b,e,f,m},x] & LtQ[n,-1] & NeQ[m+n,0] && IntegersQ[2xm,2xn]

6: j(aCsc[ewa])"' (bSec[e+-Fx])"d1x whenn¢z A m+n==90

Derivation: Piecewise constant extraction

Basis: If m + n == @, then 9, (2Csclexfxl) (bSeclesfx])T .
Tan[e+f X]

Rule:lf n¢Z A m+n = 0,then

+

a? (m+n)

J\(aCsc[e+fx])m+2 (bsec[e+fx])"dx



Rules for integrands of the form (a csc(e+f x))~m (b sec(e+f x))~n

(acsc[e+fx])" (bsec[e+fx])"

f(aCsc[erFx])m (bsec[e+fx])"dx —

JTan[e + Fx]n dx

Tan[e+-Fx]n

Program code:
Int[(a_.xcsc[e_.+f_.»x_])"m_x(b_.+sec[e_.+f_.xx_])~n_,x_Symbol] :=

(axCsc[e+fxx])"m« (bxSec[e+fxx])~n/Tan[e+fsx]| n+Int[Tan[e+f+x]"n,x] /;
FreeQ[{a,b,e,f,m,n},x] && Not[IntegerQ[n]] && EqQ[m+n,0]

7. j(aCsc[e+fx])"' (bsec[e+fx])"dx

1: J(aCsc[en‘x])m (bsec[e +fx])"dx when m-%ez A n—%ez

Derivation: Piecewise constant extraction
Basis: 9y ((aCsc[e+fx])™ (bSec[e+fx])" (aSin[e+fx])" (bCos[e+fx])") =
Rule: Ifm - % €Z A n- % € Z,then

J(aCsc[e+fx])m (bsec[e+fx])"dx —

(acsc[e+fx])" (bsec[e+fx])" (asin[e+fx])" (bCos[e+-Fx])"J(aSin[erFx])"“ (bCos[e+fx])"dx

Program code:

Int[(a_.#csc[e_.+f_.xx_]) m_x(b_.#sec[e_.+f_.xx_])~n_,x_Symbol] :=
(axCsc[e+fxx])~m« (bxSec[e+fxx] )~ n+ (a*Sin[e+fxx])"m+ (bxCos [e+fxx]) n+Int[ (axSin[e+fxx])~ (-m)« (bxCos[e+fxx])~(-n),x] /;
FreeQ[{a,b,e,f,m,n},x] && IntegerQ[m-1/2] && IntegerQ[n-1/2]



Rules for integrands of the form (a csc(e+f x))~m (b sec(e+f x))~n

2: J(aCsc[e+fX])"‘ (bsec[e+fx])"dx

Derivation: Piecewise constant extraction
Basis: Oy ((aCsc[e+fx])" (bSec[e+fx])" (aSin[e+fx])" (bCos[e+fx])") =0

Rule:

j(aCsc[e+fx])"‘ (bsec[e+fx])"dx —

:—j (acsc[e+fx])"" (bsec[e+fx])™* (asin[e+fx])"* (bCos[e+-Fx])"+1j(aSin[ewa])"" (bCos[e+fx])™"dx

Program code:

Int[(a_.xcsc[e_.+f_.xx_])"m_x(b_.+sec[e_.+f_.xx_])"n_,x_Symbol] :=
a”2/b"2x (axCsc[e+fxx] )~ (m-1)  (bxSec[e+Ffxx] )~ (n+1) « (axSin[e+Ffxx] )~ (m-1)  (bxCos [e+Ffxx] )~ (n+1) #
Int[ (axSin[e+fxx] ) (-m) x (bxCos [e+fxx])~ (-n),x] /;
FreeQ[{a,b,e,f,m,n},x] && Not[SimplerQ[-m,-n]]

Int[(a_.»sec[e_.+f_.»x_])"m_x(b_.*csc[e_.+f_.xx_])"n_,x_Symbol] :=
a”2/b"2x (axSec[e+fxx] )~ (m-1) » (bxCsc[e+Ffxx] )~ (n+1) « (axCos[e+fxx] )" (m-1) « (bxSin[e+fxx] )" (n+1) »
Int[ (axCos[e+fxx] )~ (-m)x (bxSin[e+fxx])~(-n),x] /;
FreeQ[{a,b,e,f,m,n},x]



